The relativistic analogue of the Hall-Vinen-Bekarevich-Khalatnikov (HVBK) hydrodynamics is derived making use of the phenomenological method similar to that used by Bekarevich and Khalatnikov [1] in their derivation of HVBK-hydrodynamics. The resulting equations describe a finitetemperature superfluid liquid with the distributed vorticity. The main dissipative effects, including mutual friction, are taken into account. The proposed hydrodynamics is needed for reliable modeling of the dynamical properties of superfluid neutron stars.
I. INTRODUCTION
Despite the fact that superfluid flow must be irrotational, it is well known [2] [3] [4] [5] that in a rotating bucket a superfluid mimics solid body rotation on average by creating arrays of topological defects -vortex lines, near which the irrotationality condition breaks down.
Hall and Vinen [6] developed in 1956 a coarse-grained hydrodynamic equations capable of describing a superfluid liquid with the continuously distributed vorticity. Their equations are only valid in situations when a typical length scale of the problem is much larger than the intervortex spacing. Later in 1960-1961 Hall [7] and, independently, Bekarevich and Khalatnikov [1] presented a more elaborated version of these equations which is now called HallVinen-Bekarevich-Khalatnikov (HVBK) hydrodynamics. Note that the most general phenomenological derivation of HVBK-hydrodynamics, based upon conservation laws, were given by the last two authors in the abbreviation (Bekarevich and Khalatnikov) . Subsequently, many authors have repeated and analyzed their derivation in order to generalize it and/or make it more transparent (see Donnelly [5] and Sonin [8] for details and, especially, Refs. [9, 10] ). The main conclusion of their work is that, basically, the structure of the HVBK-hydrodynamics remains unaffected if one is not interested in the oscillation modes related to the elasticity of the vortex lattice [11, 12] .
The HVBK-hydrodynamics has received a great deal of attention in relation to the interpretation of liquid helium II experiments [5, 8] and, somewhat unexpectedly, in relation to the neutron star physics (see, e.g., Refs. [13] [14] [15] [16] [17] ). Since HVBK-equations are essentially non-relativistic, the majority of studies of superfluid neutron-star dynamics have been performed in the non-relativistic framework. This framework is (as a rule) acceptable for a qualitative analysis of the problem but is inadequate for obtaining the quantitative results since neutron stars are essentially relativistic objects.
Clearly, one needs a Lorentz-covariant formulation of HVBK-hydrodynamics. In the literature there were only few attempts to find such a formulation [18, 19] (see also Ref. [20] , lectures [21] , and references therein). The authors of these works restrict themselves to the case of a vanishing temperature (T = 0), when there are no thermal excitations (normal component) in the liquid and hence no dissipative interaction (the so called "mutual friction") between the superfluid and normal liquid components. The resulting hydrodynamics, generalized subsequently to describe superfluid mixtures [22, 23] , have then been applied to model oscillations of cold (T = 0) superfluid rotating neutron stars in Ref. [24] . Note, however, that in many physically interesting situations the approximation of vanishing stellar temperature is not justified and leads to qualitatively wrong results when studying neutron star dynamics (see, e.g., Refs. [25] [26] [27] [28] [29] [30] for illustration of principal importance of finite temperature effects in some problems). Moreover, as we argue in Appendix F, the hydrodynamics of Refs. [18, 19] is internally inconsistent, which can have important consequences for those problems (see Ref. [31] for an example) for which the contribution of the vortex energy to the total energy density cannot be neglected. The aim of the present study is to fill the existing gap by deriving the self-consistent relativistic dissipative HVBKhydrodynamics, valid at arbitrary temperature. Our derivation will closely follow the ideas of the original derivation of Bekarevich and Khalatnikov [1] .
The paper is organized as follows. In Sec. II we present the derivation of the well known vortex-free superfluid relativistic hydrodynamics. In Sec. III A we formulate the relativistic HVBK-hydrodynamics under the assumption that the contribution of vortices to the total energy density of a superfluid can be neglected. In Sec. III B this assumption is relaxed and the most general relativistic HVBK-equations are found. Finally, we conclude in Sec. IV.
The paper also contains a number of important appendices. In Appendix A we present the original (non-relativistic) HVBK-hydrodynamics; in Appendix B we list the full system of equations of relativistic HVBK-hydrodynamics; in Appendix C we analyze the non-relativistic limit of one of the most important equations of the proposed hydrodynamics -the superfluid equation; in Appendix D we find the vortex contribution to the energy density; in Appendix E we present an alternative microscopic derivation of the vortex contribution to the energy-momentum tensor (more precisely, derivation of its spatial components); finally, in Appendix F we discuss the internal inconsistency of the zero-temperature vortex hydrodynamics of Refs. [18, 19] .
Unless otherwise stated, in what follows the speed of light c, the Planck constant , and the Boltzmann constant k B are all set to unity, c = = k B = 1.
II. RELATIVISTIC SUPERFLUID HYDRODYNAMICS IN THE ABSENCE OF VORTICES A. General equations
Neglecting vortices, relativistic superfluid hydrodynamics for a one-component liquid has been studied in many papers and is well known (see, e.g., [18, 20, [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] ). Here we present its derivation partly in order to establish notations and partly because, as we believe, it can be of independent interest. Our derivation adopts the same strategy as that used by Khalatnikov [3] to derive equations of non-relativistic superfluid hydrodynamics.
Hydrodynamic equations include the energy-momentum conservation
and particle conservation
where ∂ µ ≡ ∂/∂x µ ; T µν is the energy-momentum tensor (which must be symmetric) and j µ is the particle four-current density. Here and below, unless otherwise stated, µ, ν, and other Greek letters are space-time indices running over 0, 1, 2, and 3. Generally, T µν and j µ can be presented as
where P is the pressure given by Eq. (21) below; ε is the energy density; n is the number density; g µν = diag(−1, 1, 1, 1) is the space-time metric.
2 Finally, u µ is the four-velocity of the normal (non-superfluid) liquid component (thermal excitations), normalized by the condition
The underlined terms in Eqs. (3) and (4) have the familiar form of, respectively, the energy-momentum tensor and particle current density of nonsuperfluid matter (see, e.g., Ref. [2] ). Correspondingly, additional "superfluid" terms ∆T µν and ∆j µ characterize deviation of superfluid hydrodynamics from the ordinary one. Note that the thermodynamic quantities introduced in Eqs. (3) and (4) do not have any direct physical meaning unless a comoving frame where they are measured (defined) is specified. In what follows we define the comoving frame by the condition u µ = (1, 0, 0, 0) indicating, that it is the frame where the normal liquid component is at rest. This definition coincides with the definition of the comoving frame in the ordinary relativistic hydrodynamics. It means, in particular, that the components T 00 and j 0 in this frame are given by the conditions, T 00 = ε and j 0 = n, which, in an arbitrary frame, translates into
or, in view of the expressions (3) and (4) to
As a matter of fact, we can extract even more information about the form of j µ in the comoving frame. Since in that frame normal component does not move, spatial components of the current j i (i = 1, 2, 3) are non-zero only because of the motion of superfluid component. In the non-relativistic limit the contribution of the superfluid component in this situation would be ρ s V V V s , where ρ s is the superfluid density and V V V s = ∇ ∇ ∇φ/m is the superfluid velocity. (Here m is the bare particle mass and φ is a scalar proportional to the phase Φ of the condensate wave function; for Bose-Einstein condensate φ = Φ, for Cooper-pair condensate φ = Φ/2 [43, 44] .) By analogy, in the relativistic case it is natural to introduce a superfluid four-velocity
and assume that j i can be represented as
where Y is some coefficient, a relativistic equivalent of the superfluid density ρ s (it is easily verified that in the non-relativistic limit Y = ρ s /(m 2 c 2 ) in dimensional units [44] ). Consequently, in the comoving frame one has (see Eqs. 4 and 9)
In an arbitrary frame this expression can be rewritten by introducing a new four-vector, b µ , as
To satisfy Eq. (12), a spatial part of b µ should vanish in the comoving frame, b i = 0. That is, b µ and u µ should be collinear in that frame, hence they must be collinear in all other frames, i.e.,
where B is some scalar to be determined below. In view of Eqs. (9) and (13) B and φ are interrelated by the following equation
Note that, Eq. (11) is then automatically satisfied. Let us now introduce a new four-vector,
instead of ∂ µ φ. Since this vector depends on the four-gradient of the scalar φ, it is not arbitrary and is constrained by the condition
which is simply the statement that
In what follows Eq. (17) is called the potentiality condition or simply the superfluid equation. In terms of the new four-vector w µ one has (see Eqs. 4 and 13)
while the condition (9) transforms into
Eqs. (1)- (3), (6) , (7), and (17)- (19) are key equations that will be used below. They should be supplemented by the second law of thermodynamics.
In a normal matter the energy density ε of a one-component liquid can generally be presented as a function of the number density n and the entropy density S. In superfluid matter, there is an additional degree of freedom associated with the vector w µ . One can construct two scalars associated with w µ , namely, u µ w µ and w µ w µ . The first scalar vanishes on account of (19) , so that ε = ε(n, S, w µ w µ ). Consequently, variation of ε can generally be written as
where we defined the relativistic chemical potential µ ≡ ∂ε(n, S, w µ w µ )/∂n; temperature T ≡ ∂ε(n, S, w µ w µ )/∂S; and Λ ≡ 2 ∂ε(n, S, w µ w µ )/∂(w µ w µ ). Equation (20) is interpreted as the second law of thermodynamics for a superfluid liquid.
We need also to specify the pressure P . According to the standard definition it equals to a partial derivative of the full system energy εV with respect to volume V at constant total number of particles, total entropy, and w µ w µ [3, 45] ,
Using (20) and (21) one arrives at the following Gibbs-Duhem equation for a superfluid liquid,
B. Determination of ∆T µν and the parameters B and Λ
We discussed above a general structure of the non-dissipative hydrodynamics of superfluid liquid, which must conserve entropy of any closed system. This means that the entropy generation equation must take the form of the continuity equation,
where S µ is the entropy current density (it will be shown below that the entropy flows with the normal liquid component, i.e. S µ = Su µ ). We will find ∆T µν , B, and Λ from this requirement. To do this, we should derive the entropy generation equation from the hydrodynamics of the previous section. Let us consider a combination u ν ∂ µ T µν , which vanishes in view of Eq. (1). Using Eqs. (3), (5), (21) , and (22) one obtains
or, using Eq. (2) with j µ from Eq. (18),
This equation can be further transformed to
The derivative ∂ µ w ν in the third term on the right-hand side of Eq. (26) can be expressed by making use of Eq. (17) . After substitution of the result a few terms vanish and we left with
To obtain Eq. (27) we used the equalities
following from Eqs. (5) and (19), respectively. The second and third terms in Eq. (27) can be symmetrized by employing Eqs. (5) and (19) . As a result, Eq. (27) can be rewritten in its final form as
The right-hand side of this equation must be a four-divergence for any ∂ µ u ν , ∂ µ T , and ∂ µ µ. This requirement, together with the assumption that ∆T µν should depend on the four-velocities u µ and w µ and various thermodynamic quantities (but not on their gradients!), while B and Λ should depend on thermodynamic quantities only, allows us to identify the unknown parameters Λ, B, ∆T µν , and
where k is some constant which should be equal to 1, as follows from the comparison with the non-relativistic theory.
3
These equalities complete the formulation of relativistic superfluid hydrodynamics in the absence of vortices. One can see that the resulting energy-momentum tensor T µν ,
is symmetric and satisfies the condition (6) (on account of Eq. 19). Eqs. (20) and (22) now take the form
while the potentiality condition (17) becomes
Remark 1. It is relatively straightforward to include dissipation into this hydrodynamics. The corresponding corrections (the largest of them) have been first obtained in Refs. [18, 20] and have received a great deal of attention in the recent years [34, 35, 37, 38, 40] . For the superfluid hydrodynamics in the form discussed above they were formulated in Ref. [35] . Dissipation adds a correction τ µν diss to the energy-momentum tensor T µν (36) and also changes the relation between the superfluid velocity V µ (s) and the four-vector w µ , which becomes [35] 
where κ diss is the correction depending on the bulk viscosity coefficients ξ 3 and ξ 4 . Both these corrections are briefly discussed in Appendix B, where we present the full system of equations of relativistic superfluid HVBK-hydrodynamics.
3 Another way to verify that k can be chosen equal to 1 is to note that both φ and Y are introduced into the theory through the definition (12) of j i in the comoving frame. They can, therefore, be simultaneously rescaled, Y → Y /k and φ → kφ, without affecting j i and other observables of the theory. This is equivalent to choosing k = 1 in Eqs. (32)- (34). 4 In the absence of dissipation V µ (s) = (w µ + µu µ )/m, as follows from Eqs. (10), (16) , and (33).
III. RELATIVISTIC SUPERFLUID HYDRODYNAMICS IN THE PRESENCE OF VORTICES
A thorough discussion of vortices in the non-relativistic superfluid hydrodynamics can be found in many references (see, e.g., [3, 5, 8, 46] ); a brief summary of results is given in Appendix A. An extension of the concept of vortices to the relativistic case is rather straightforward (see, e.g., Refs. [18] [19] [20] [21] 47] ). When there are no vortices in the system the wave function phase of a superfluid condensate is a well-defined quantity everywhere so that the integral ∂ µ φ dx µ over any closed loop vanishes. If there are topological defects -vortices -in the system, this integral should not be necessarily zero and can be a multiple of 2π (it cannot be arbitrary in order for the wave function of the condensate to be uniquely defined),
where N is an integer; s = 1 for Bose-superfluids and s = 2 for Fermi-superfluids, and we introduced the superfluid velocity V (s) µ instead of ∂ µ φ (sufficiently far from the vortices, where the "hydrodynamic approach" is justified, they are related by Eq. 10; however, in the immediate vicinity of the vortex cores this equation is violated [43] ). It can be shown [3] that in a real superfluid it is energetically favorable to form vortices in the form of thin lines, each carrying exactly one quantum of circulation [i.e., an integral 41 over a closed loop around any given vortex line is 2π/(sm)]. Equation (41) can be rewritten, using the Stokes' theorem, as an integral over the surface encircled by the loop,
where
. In many physically interesting situations 5 vortices are so densely packed on a typical length-scale of the problem that it makes no sense to follow the evolution of each of them in order to describe dynamics of the system as a whole. Instead, it is more appropriate to use coarse-grained dynamical equations which depend on quantities averaged over the volume containing large amount of vortices.
The main parameters of such a theory are the smooth-averaged superfluid velocity and vorticity (to be defined as V A. Hydrodynamic equations under condition that the vortex contribution to the energy density can be neglected
To get an insight into the problem, let us first determine the form of large-scale hydrodynamics in the case when one can neglect contribution of vortices to the second law of thermodynamics and to the energy-momentum tensor 6 . In the nonrelativistic theory this limit corresponds to HVBK-hydrodynamics with λ = 0 (when is formally set to 0; see Appendix A and Remark 2 there). In this limit vortices affect only the superfluid equation (39) (Eq. A4 of the nonrelativistic theory), while other equations of Sec. II remain unchanged. Note, however, that now these equations depend on the smooth-averaged four-velocity V µ (s) which is not given by simply ∂ µ φ/m. Correspondingly, the smooth-averaged quantity w µ in these equations should now be written as (see Eq. 40 with κ diss = 0)
To find an explicit form of the smooth-averaged superfluid equation in the presence of vortices we will again make use of the fact that the entropy of a closed system cannot decrease. Employing the energy-momentum and particle 5 For example, in rotating neutron stars, the mean distance between the neighboring vortices is ∼ 10 −2 − 10 −4 cm, while the typical length-scale, the stellar radius, is ∼ 10 km. 6 For clarity, we also ignore in what follows the standard viscous and thermal conduction terms in the expression for T µν (τ µν diss = 0) and in the relation (40) 
and w µ (κ diss = 0). conservation laws (1) and (2) with j µ and T µν given by, respectively, Eqs. (18) and (36), as well as Eqs. (5), (19), (21), (37) , and (38), we arrive at the following entropy generation equation,
This equation can be derived in the same way as in Sec. II B with the only difference that now it is obtained without making use of the potentiality condition (39), which is not valid in the system with the distributed vorticity (F µν = 0). Because entropy does not decrease, one should have
Let us now introduce a new four-vector,
In terms of f µ Eq. (45) can be rewritten as
where we also defined
In the comoving frame [where u µ = (1, 0, 0, 0)], f 0 = F 00 = 0 and Eq. (47) transforms into
where i = 1, 2, 3 is the spatial index. 7 In order for the inequality (49) to hold true the vector f f f ≡ (f 1 , f 2 , f 3 ) should satisfy a number of conditions (forget for a moment about its definition 46): (i) it must be polar; (ii) must vanish at F µν = 0 (because the potentiality condition 39 is valid in that case); and (iii) should depend on
and thus is not an independent variable; see Eqs. 43 and 48). These conditions are clearly insufficient to determine the most general form of f f f . However, it seems reasonable to further require that (iv) f f f may only depend on W W W and F µν (as noted by Clark [9] , in the non-relativistic theory a similar assumption was implicitly made in Ref. [1] ; see Ref. [9] for a detailed critical analysis of HVBK-hydrodynamics).
In analogy with electrodynamics, instead of the antisymmetric tensor
Then the most general form of f f f , satisfying the conditions (i)-(iv), can, in principle, be found. The resulting expression will contain many more kinetic coefficients (and additional terms) in comparison to the original HVBK-expression (A13), because now we allow f f f to depend not only on H H H = m curl V V V s , like in the nonrelativistic theory, but also on the vector E E E 8 . The physical meaning of these additional terms is not clear and deserves a further study. However, in the non-relativistic limit these terms are presumably suppressed in comparison to the H H H-dependent terms presented in Eq. (50) below (because E E E ∼ 1/c → 0 at c → ∞, see Appendix C and Eqs. C5 and C7 there). Since here we are mainly interested in the straightforward generalization of HVBK-equations to the relativistic case, below we only present the terms which have direct counterparts in the nonrelativistic theory. They exclusively depend on the vector
where e e e ≡ H H H/H is the unit vector in the direction of H H H = m curl V V V s ; α, β, and γ are some scalars (kinetic coefficients), which can generally depend on invariants of W W W and H H H. Note that the first term in the right-hand side of Eq. (50), depending on α, is dissipationless. In contrast, the other terms there are dissipative and to satisfy (47) the coefficients β and γ should be positive, β, γ ≥ 0. In appendix C it is shown that these coefficients indeed coincide with the coefficients α, β, and γ of HVBK-hydrodynamics.
We found the form of the four-vector f µ in the comoving frame, f µ = (0, f f f ), where f f f is given by Eq. (50). Now our aim will be to rewrite f µ in an arbitrary frame. To do this let us introduce a four-vector H µ , given by (in the orthonormal basis)
where ǫ µνλη is the four-dimensional Levi-Civita tensor and we use the anti-symmetry property of the tensor F µν in the second equality. In the comoving frame this vector equals H µ = (0, H H H) = (0, m curl V V V s ). Also, assume that we have two four-vectors, say, B µ and C µ , whose spatial components B B B and C C C form a 3D-vector A A A = B B B × C C C in the comoving frame. Then we define the four-vector A µ in an arbitrary frame according to
The definitions (51) and (52) are trivial extensions of the curl operator and cross product, defined in the comoving frame [u µ = (1, 0, 0, 0)], to an arbitrary frame (see also Refs. [48, 49] for similar definitions). Using these definitions, one can immediately write out a general Lorentz-covariant expression for f µ ,
The same expression can be reformulated without making use of the Levi-Civita tensor,
where ⊥ µν = g µν + u µ u ν is the projection operator and
Because f µ is now specified, Eq. (46) can now be treated as a new superfluid equation which replaces the potentiality condition (39) and generalizes it to the case of a superfluid liquid with distributed vorticity. It can be rewritten as
Note that it is valid as long as one can neglect the contribution of vortices to the energy density (i.e., λ = 0, see Appendix D). Otherwise, the definition of the vector W µ should be modified (see Eq. 82 in Sec. III B). In Appendix C we demonstrate that, in the nonrelativistic limit, Eq. (56) reduces to Eq. (A4) with λ = 0. Remark 1. To derive the superfluid equation (56) we first introduced the vector f µ = u ν F µν /(µn) and then deduced its possible form from the condition f µ W µ ≥ 0. This is not the only way of obtaining this equation. In fact, Eq. (56) can also be derived by introducing a vector g ν ≡ W µ F µν and then requiring it to satisfy a condition g ν u ν ≥ 0, which follows from the constraint (45). 
9 Possible E E E-dependent terms in the expression for f µ (see the footnote 8) can be obtained in a similar way by introducing a four-vector E ν ≡ uµF µν , which reduces to (0, E E E) in the comoving frame. 10 Eq. (54) is the most general expression for f µ valid for arbitrary W µ . However, the four-vector W µ , introduced in this section (cf.
the definition of W µ in Sec. III B), satisfies a condition uµW µ = 0 (see Eqs. 19 and 48), which allows one to simplify Eq. (54) in this particular case and write
Equation (58) is analogous to the vorticity conservation equation (A17) of the non-relativistic HVBK-hydrodynamics (see Appendix A).
Remark 3.
In Appendix A we consider the strong and weak-drag limits for superfluid equation (A4) (or A17) of the non-relativistic HVBK-hydrodynamics. Similar limits can also be considered in relativistic hydrodynamics. In particular, strong-drag limit corresponds to α = β = γ = 0 in Eq. (54) so that Eq. (58) reduces to
This equation describes vortex motion (vorticity transfer) with the velocity u µ of normal liquid component. (In ordinary nonsuperfluid hydrodynamics a similar equation takes place, but vorticity F µν there is expressed through the same velocity u µ , with which it is transferred, F µν = ∂ µ (µu ν ) − ∂ ν (µu µ ), see, e.g., Ref. [50] .) Weak-drag limit is described by the equation
and follows from Eq. (58) when α = −1/(µ 2 Y ) and β = γ = 0 (cf. the corresponding limit in the non-relativistic HVBK-hydrodynamics). It corresponds to a vortex motion with the superfluid velocity V µ (s) . Note that both these limits were analyzed in Ref. [23] in application to zero-temperature superfluid neutron stars 11 .
B. Accounting for the vortex energy
In this section we formulate the relativistic generalization of the HVBK-hydrodynamics taking into account contribution of vortices to the energy-density ε and the energy-momentum tensor T µν . It is convenient to formulate this hydrodynamics in terms of the four-vectors u µ and w µ as primary degrees of freedom. For that it is necessary to define more rigorously what we actually mean by w
µ . In what follows we define w µ by the formula
where the quantities j µ , u µ , n have the same meaning as in the previous sections [in particular, n is the number density measured in the comoving frame where u µ = (1, 0, 0, 0)], while the parameter Y is defined by the second law of thermodynamics (see Eq. 64 below), Y = 2∂ε/∂(w µ w µ ). (It is straightforward to show that it is always possible to define w µ by Eq. 61 such that the coefficients Y in Eq. 61 and Y in Eq. 64 will indeed coincide.) A definition (61) implies that the conditions (9) and (19) must be satisfied automatically.
After defining w µ , the superfluid velocity V µ (s) of our smooth-averaged hydrodynamics can be defined by Eq. (43), V µ (s) = (w µ + µu µ )/m. 12 (We again ignore here a viscous dissipative correction κ diss , which has the same form [35] as in the vortex-free case and does not affect our derivation; it can easily be included in the final equations, see Appendix B.)
Next, we present the energy-momentum tensor in the form
where P is defined by Eq. (21) and τ µν (= τ νµ ) is the symmetric vortex contribution to T µν , which will be determined below (without this contribution Eq. 62 coincides with 36). Because ε is the total energy density in the comoving 11 In the "weak-drag" equation (33) of Ref. [23] one finds the total neutron current density instead of the superfluid velocity V . This is not surprising since the authors of Ref. [23] work in the limit T = 0, when all particles (neutrons) are paired and move with one and the same superfluid velocity V µ (s)
. 12 This way of reasoning is similar to that of Bekarevich & Khalatnikov [1] . In a purely phenomenological approach it is not obvious, however, that the superfluid velocity V µ (s) defined in this manner will coincide with the velocity, whose vorticity is directly related to the area density of vortex lines and satisfies, for example, the "continuity equation" for vortices (see Eq. 58). The fact that both definitions coincide follows from the self-consistency of the resulting hydrodynamics (in particular, Eq. 58 remains to be satisfied, see below). This conclusion can also be verified by a microscopic consideration similar to that presented in Appendices D and E. frame (including the contribution of vortices), T µν should satisfy condition (6) which, in view of Eq. (19), translates into
Finally, the most important step in building up the relativistic HVBK-hydrodynamics is to postulate the form of the second law of thermodynamics in the presence of vortices. Obviously, one can write
where dε vortex is the term responsible for the vortex contribution to dε, while other terms are the same as in the vortex-free superfluid hydrodynamics (see Eq. 37).
Before guessing a possible form of dε vortex let us derive the entropy generation equation. Using equations of this section together with Eqs. (1), (2), (5), (19) , and (21), one gets
The first term in the right-hand side of Eq. (65) is the same as in Eq. (44), the second and third terms are induced by the vortex-related terms in Eqs. (62) and (64). Now let us specify dε vortex . In the absence of vortices the energy density ε depends on three scalars, n, S, and w µ w µ . When vortices are present a new dynamical quantity F µν = 0 appears and the (smooth-averaged) energy density ε can depend on its various invariants. In fact, it is possible to compose many different scalars from the quantities F µν , u µ , w µ , and their derivatives. One can single out one or few of them on the basis of physical arguments or intuition. As it is argued in Appendix D, it is a good approximation to treat ε vortex as a function of only one additional invariant 
where the partial derivative is taken at constant n, S, and w µ w µ ; λ ≡ m ∂ε/∂H is the relativistic analogue of the parameter λ of the nonrelativistic theory (see Appendix D); both parameters coincide in the nonrelativistic limit.
Eq. (67) can be rewritten as
where we used Eq. (55) together with the identity u µ u ν F µν = 0, and defined
In what follows we will be interested in the quantity −u µ ∂ µ ε vortex , which appears in the entropy generation equation (65). Using Eq. (68), it is given by
13 If κ diss were non-zero, one would have a combination Fµν − ∂µ(κ diss uν ) + ∂ν (κ diss uµ) instead of Fµν in Eq. (65). 14 Note that O αβ can also be presented in the form, O αβ = The first term in the right-hand side of Eq. (71) can be transformed as
To obtain this expression we used the identity (see Eq. 66)
and the fact that both tensors F µν and O µν are antisymmetric. In turn, the second term in the right-hand side of Eq. (71) can be rewritten as
where the underlined terms equal zero (because of Eq. 28 and the equality u ν ⊥ νβ = 0) and are added here in order to symmetrize the tensor τ µν and to satisfy the condition (63), see below. Using Eqs. (72) and (74), one obtains
where in the second equality we make use of the definition (70) for O αβ . Returning now to the entropy generation equation (65), one can present it in the form
Neglecting dissipation, the right-hand side of this equation should be a four-divergence at arbitrary ∂ µ u ν , ∂ µ T , w µ , Γ, etc. This allows us to find
The first of these equations is similar to a non-dissipative version, u ν Y w µ F µν = 0, of the condition (45), analyzed in the previous section. It will clearly give us a (non-dissipative) superfluid equation generalized to the case when the terms depending on Γ = λ/(mH) (see Eq. 69) cannot be neglected. A more general form of this equation will be discussed a little bit later.
The second of these equations, Eq. (79), is the vortex energy-momentum tensor τ µν vortex . As it should be, it is symmetric and satisfies the condition (63). Moreover, in the non-relativistic limit (when u 0 ≈ 1 and u i ≪ 1) its time components τ i0 coincide with the energy-density current(see equation 16.35 in the monograph by Khalatnikov [3] ), while its spatial components coincide with the non-relativistic vortex stress tensor (the last term in the right-hand side of Eq. A12). To demonstrate the latter property it is instructive to rewrite Eq. (79) in terms of the vector H µ . One can verify that
where H = (H µ H µ ) 1/2 (see also Eq. 55) and F µν = 1/2 ǫ µνγδ F γδ is the tensor dual to the vorticity tensor F µν . In the non-relativistic limit the spatial part of this tensor equals τ 2, 3] and indeed reduces to the non-relativistic expression (see Eq. A12), because in this limit H H H ≈ m curl V V V s = m ω ω ω in the laboratory frame and Γ = λ/(mH) = λ/(m 2 ω). Now, if we allow for the dissipation in the system, τ µν will acquire a dissipative correction τ µν diss , so that τ µν = τ µν vortex + τ µν diss and Eq. (77) can be rewritten as
where 
and assume that, in the comoving frame [u µ = (1, 0, 0, 0)], the vector f µ depends only on W W W and F µν (see the corresponding discussion after Eq. 48 in Sec. III A). Then, positive definiteness of the right-hand side of Eq. (81) means independent satisfaction of two conditions, W µ f µ ≥ 0, and (83)
The first condition allows us to determine f µ , which has the same form as in Eq. (54), but with W µ given by Eq. (82). 17 With this new f µ , the superfluid equation acquires the same form (56) as in the previous section [note also that Remark 2 of Sec. III A remains fully applicable as well]. The second condition allows us to specify the dissipative correction τ µν diss . This correction can be found in the same way as it was done in Ref. [35] ; it includes standard viscous and thermal conduction terms, and is presented (together with the viscous correction κ diss ) in Appendix B, where a complete set of relativistic HVBK-equations is given.
The hydrodynamic equations obtained here fully describe dynamics of superfluid liquid in the system with vortices and are equivalent, in the non-relativistic limit, to the ordinary HVBK-hydrodynamics (see Appendix C). Remark 2. Zero-temperature limit of the hydrodynamics described above can be obtained if we put T = 0, S = 0, and Y = n/µ (the latter condition is the relativistic analogue of the condition ρ s = ρ valid at T = 0). Since there are no thermal excitations at T = 0 (except in the vortex cores), we also need to specify what we mean by "the normal-liquid velocity" u µ , which does not have a direct physical meaning in this limit. In the non-relativistic theory the correct superfluid equation valid at T = 0 will be obtained if we put V V V n = V V V s + (1/ρ) curl λe e e (see Appendix A, where the same notations are used). This velocity coincides with the vortex velocity V V V L (see Eq. A18). The relativistic generalization of this expression can be written as
which should be considered as an implicit 18 definition of u µ . It satisfies the three conditions: (i) First, it is easily checked that with this definition u µ is correctly normalized, u µ u µ = −1. (ii) Second, one can demonstrate that, with the definition (85) one has u ν W µ F µν = 0 (see Eq. 82 where W µ is defined), i.e., the system entropy remains constant (see Eq. 77 with τ µν = τ µν vortex ). (iii) Finally, one can verify that the right-hand side of the superfluid equation (56) vanishes in view of the expression (85), which implies
One sees (see Remark 3 in Sec. III A) that, as in the non-relativistic case, the vortex velocity coincides with u µ at T = 0. Formula (86) is the new superfluid equation valid at T = 0; u µ in this equation can (in principle) be found by solving equation (85) and should be considered as a function of V µ (s) . Remark 3. It can be shown, that the energy-momentum conservation, ∂ µ T µν = 0, which is a superfluous equation in the system with the only one independent velocity field V µ (s) , is automatically satisfied provided that (86) holds true. The resulting system of zero-temperature relativistic HVBK-equations is thus self-consistent.
Remark 4.
It would be interesting to compare the zero-temperature version of the relativistic HVBK-hydrodynamics discussed here with the results available in the literature. However, as it is argued in Appendix F, we have strong concerns about self-consistency/validity of the existing formulations [18, 19] of such hydrodynamics. Thus, no such comparison will be made in the present paper.
IV. CONCLUSIONS
We have generalized the non-relativistic Hall-Vinen-Bekarevich-Khalatnikov (HVBK) hydrodynamics [1, 6] to the relativistic case. The corresponding equations are summarized in Appendix B. The main difference of the proposed hydrodynamics from the formulations of Refs. [18] [19] [20] is that it accounts for the presence of thermal excitations (i.e., is valid at T = 0) and allows for the interaction between the normal and superfluid liquid components (mutual friction).
As a by-product of our work we demonstrate that the previous zero-temperature formulations of the relativistic vortex hydrodynamics [18, 19] are internally inconsistent (see Appendix F) and should be modified.
The most natural application of the relativistic HVBK-hydrodynamics formulated here is to neutron stars, which are relativistic objects whose cores are composed of various baryon species (neutrons, protons, etc.) that can be in superfluid/superconducting state. However, to directly apply this hydrodynamics to neutron stars one should first generalize it to the case of superfluid mixtures as well as to allow for the possible presence of the magnetic field and the related topological defects -Abrikosov vortices. These issues were successively addressed, in the non-relativistic framework, in Refs. [51] [52] [53] [54] . The relativistic generalization of the corresponding equations to the superfluid/superconducting mixtures without an external magnetic field is straightforward; the formulation of the full system of magneto-hydrodynamic equations is more complicated. We continue to work in this direction and hope to present the first results soon.
Appendix A: HVBK-hydrodynamics
We present here the main equations of dissipative Hall-Vinen-Bekarevich-Khalatnikov hydrodynamics. We refer to Refs. [1, 3, [5] [6] [7] 10 ] for more details. Hydrodynamic equations in the presence of vortices take the form (i, k = 1, 2, 3)
and consist of, respectively, continuity equation, momentum conservation, entropy generation equation, superfluid equation, and the second law of thermodynamics. Here ρ = mn is the density; m is the particle mass; ρ s is the superfluid density; j j j is the mass current density; Π ik is the stress tensor; V V V n and V s are the normal and superfluid velocities, respectively; R is the dissipative function; and F F F is a force to be specified below. Further,μ is the nonrelativistic chemical potential; in the nonrelativistic limit the chemical potential µ, introduced in Sec. II, is related tȏ µ by the formulaμ = (µ − mc 2 )/m; E 0 is the non-relativistic energy density as measured in the inertial frame moving with the velocity V V V n . Finally, the last term in Eq. (A5) is responsible for the vortex contribution to the energy density and is approximately given by [3, 10] 
is the vortex (kinetic) energy per unit length and
is the area density of vortices. In Eqs. (A7) and (A8) ω ω ω ≡ curl V V V s ; κ = 2π /(s m) (s = 1 for Bose-and s = 2 for Fermi-superfluids); a is the radius of a vortex core; b = 1/(πN vortex ) 1/2 = κ 1/2 /(πω) 1/2 is the quantity of the order of the intervortex distance. Taking into account these definitions, Eq. (A6) can be rewritten as
Hydrodynamic Eqs. (A1)-(A5) should be supplemented by the expressions for j j j, Π ik , F F F , and R. Ignoring the thermal diffusivity and viscosity terms (which have the standard form, like in the vortex-free case [1, 3] ), one has
+ β e e e × [ω ω ω × (j j j − ρV V V n + curl λe e e)] − γ e e e [ω ω ω (j j j − ρV V V n + curl λe e e)] ,
Here ρ n = ρ − ρ s is the normal density; e e e ≡ ω ω ω/ω is the unit vector along ω ω ω = curl V V V s ; P = −E 0 +μρ + T S is the pressure; α, β, and γ are kinetic coefficients describing interaction of vortices with the normal liquid component (mutual friction). The term in Eq. (A13), depending on α, is non-dissipative, as opposed to the terms proportional to β and γ. The coefficients β and γ should be positive in order for the dissipative function R to be positive-definite, β > 0 and γ > 0. HVBK-equations, described above, deserve a few remarks.
Remark 1.
Following [4, 10, 45] , the second law of thermodynamics (A5) is written in a reference frame where the normal liquid component is at rest, V V V n = 0. This is in contrast with Refs. [1, 3] where it is written in a reference frame of a superfluid component, V V V s = 0 (see, e.g., Ref. [10] for a more detailed discussion). As a result, definitions of chemical potential and energy density are slightly different in Refs. [1, 3] . Namely, it can be shown that their chemical potentialμ Kh and the energy density E 0 Kh are related to ourμ and E 0 by the formulas [10] 
At the same time, it is easy to verify that the pressure in both approaches is the same, P Kh = P . Because the superfluid equation (A4) depends onμ, it (formally) differs from the corresponding equation of Refs. [1, 3] , which is expressed throughμ Kh .
Remark 2. As follows from Eqs. (A7) and (A10),Ê vortex → 0 and λ → 0 at → 0. In this limit, corresponding to a continuously distributed vorticity (like in the ordinary nonsuperfluid hydrodynamics), contribution of vortices to the total energy and momentum of the liquid can be neglected (but the "mutual friction" terms in Eq. A4, depending on α, β, and γ, will generally survive). The situation when one can set λ = 0 in all equations described above is common; the hydrodynamic equations in this limit are often used, e.g., in modelling superfluid dynamics of rotating neutron stars [13, 14] .
Remark 3. In the absence of a (generally weak) longitudinal force, γ = 0, superfluid equation (A4) can be rewritten in an elegant way [3] . Taking the curl of this equation, one obtains
where V V V L = V V V n − α (j j j − ρV V V n + curl λe e e) − β e e e × (j j j − ρV V V n + curl λe e e) .
Equation ( 
As follows from Eq. (A18), the weak-drag limit is realized if α = −1/ρ s .
Appendix B: Relativistic HVBK-hydrodynamics: summary of results
Here we present the full system of hydrodynamic equations which reduces to HVBK-hydrodynamics in the nonrelativistic limit. For the reader's convenience, this appendix is made self-contained.
The main ingredients of the relativistic superfluid HVBK-hydrodynamics are the four-velocity of thermal excitations u µ , normalized by the condition u µ u µ = −1, and the four-vector w µ , which is defined by Eq. (B11) (see below). This four-vector is orthogonal to u µ ,
and is related to the superfluid velocity V µ (s) by the formula
where m is the bare particle mass; µ is the relativistic chemical potential; and κ diss is the viscous dissipative correction to be specified below (see Eq. B14). Another important parameter of this hydrodynamics is the vorticity tensor,
The relativistic HVBK-hydrodynamics consists of the particle and energy-momentum conservations,
the second law of thermodynamics [note that all the thermodynamic quantities are measured in the comoving frame, where u µ = (1, 0, 0, 0)],
and the superfluid equation
In Eqs. (B4)-(B7) n, T , and S are the number density, temperature, and entropy density, respectively; Y is the relativistic analogue of the superfluid density [35, 44] ; λ has the same meaning as the corresponding quantity of the nonrelativistic HVBK-hydrodynamics (see Appendices A and D); and
where α, β, and γ are the mutual friction parameters (the same as in the non-relativistic HVBK-hydrodynamics, see Appendix A); and
with Γ ≡ λ/(mH). It remains to specify the particle current density j µ and the energy-momentum tensor T µν in Eqs. (B4) and (B5),
Here P = −ε + µn + T S is the pressure; and τ µν vortex is the vortex contribution to T µν ,
Finally, the dissipative corrections κ diss and τ µν diss in Eqs. (B2) and (B12) are given by [35] 
In these equations κ and η are, respectively, the thermal conductivity and shear viscosity coefficients; ξ 1 ,. . .,ξ 4 are the bulk viscosity coefficients (ξ 1 = ξ 4 ; ξ
Appendix C: Superfluid equation in the non-relativistic limit
Equations of the relativistic HVBK-hydrodynamics are summarized in Appendix B. Our aim here will be to demonstrate that the "superfluid" equation (Eq. B7) of this hydrodynamics reduces to its non-relativistic counterpart (A4) in the nonrelativistic limit. In what follows we use dimensional units. In these units Eq. (B7) becomes
Spatial components of Eq. (C1) can be rewritten as (i, j = 1, 2, 3)
or, in view of (B3),
On the other hand, it follows from the orthogonality condition (B1), that
where we made use of the definition (B2), which takes the form (in dimensional units and neglecting the dissipative correction κ diss )
Substituting Eq. (C5) into (C4), one obtains
Now, introducing the non-relativistic chemical potentialμ = (µ − mc 2 )/m (see Appendix A) and taking into account that u µ is expressed through the velocity V V V n of the normal component as
one arrives at the following equation, valid at
or, taking into account that
This equation is very similar to Eq. (A4), but to draw a final conclusion we need also to analyze the spatial part f i of the four-vector f µ (see Eq. B9). In the non-relativistic limit it is given by Eq. (50),
where W W W is the spatial part of the four-vector W µ (see Eq. B10), which is, in the dimensional form,
The spatial component of the first term here equals, in the nonrelativistic limit, c Y w 35, 44] 
In the nonrelativistic limit the only terms here that survive are those with η = 0 and a = 0. Because both ∂ α u 0 and ∂ α u 0 are of the order of 1/c 2 (see Eq. 28), one may treat u η and u a in Eq. (C13) as constants (u 0 ≈ 1 and u 0 ≈ −1). In this way one finds (i = 1, 2, 3),
where we employed Eq. (69), and used the fact that H = m |curlV V V s | (see Eq. 51). Returning then to the vector W W W , one can write
Substituting now Eqs. (C11) and (C15) into Eq. (C10), one verifies that it coincides with the superfluid equation (A4) of nonrelativistic HVBK-hydrodynamics.
vanish, so that
Because ∂ i φ 0 is constant and ∂ i φ V is symmetric (see Eq. D6 below), the contribution into the integral from the second term in Eq. (D3) vanishes and we finally arrive at the following formula for E V ,
In the non-relativistic limit (D4) reduces to the standard expression for the vortex energy,
if we note that the superfluid velocity induced by the vortex, V V V sV , is related to the scalar φ V by the condition V V V sV = ∇ ∇ ∇φ V /m and that in the non-relativistic limit the superfluid density ρ s0 = m 2 Y 0 . To take an integral in Eq. (D4) one needs to specify ∂ i φ V . If the straight vortex is at rest in the normal-liquid frame and ∂ i φ 0 = 0 then, as follows from the symmetry arguments (see Eq. 41), it induces the velocity field given simply by 20 
∂
i φ V = e e e ϕ sr ,
where e e e ϕ is the unit vector in the azimuthal direction (ϕ is the polar angle) and s = 1 or 2 is the quantity defined after Eq. (41) . In reality, however, we deal with a non-stationary problem: the vortex can move with some velocity in the normal-liquid frame and ∂ i φ 0 does not necessary vanish. In the non-relativistic theory it is argued (e.g., Ref. [3] ) that Eq. (D6) remains a good approximation for ∂ i φ V even in this case. The latter result can be extended to the fully relativistic case if we assume that the background superfluid velocity ∂ i φ 0 (and hence the vortex velocity) are much smaller than the speed of light c in the normal-liquid frame. In an arbitrary frame this requirement means that the difference between the spatial components of normal and background superfluid velocities should be much smaller than the speed of light c. This condition is not very restrictive and, for example, is satisfied in the superfluid matter of neutron stars, where superfluidity is destroyed long before the velocity difference becomes comparable to c [56] .
Substituting (D6) into (D4) and performing an integration, one arrives at the following expression for the vortex energy per unit length (we suppress the subscript "0" from here on),
where a is the radius of the vortex core and b is an "external" radius of the order of the inter-vortex spacing (as in the non-relativistic theory). The radius b is related to the number of vortices N V per unit area by the standard formula (cf. Ref. [3] ),
On the other hand, as follows from Eq. (41) and the Stokes' theorem (see also Eq. 42), N V is related to the smoothaveraged vorticity (defined in the normal-liquid frame) by the expression
To obtain this formula an integration is performed over the surface whose boundary is the contour specified in the footnote 20. Using Eqs. (D8) and (D9), one obtains the following expression for the vortex energy density ε vortex ,
µ Kh = ∂E 0 /∂ρ (in the monograph by Khalatnikov [3] this potential is denoted by µ); j 0 = ρ n (V V V n − V V V s ); ρ n is the normal density. In our case we have T = 0, thus j j j 0 = 0 and (F4) can be rewritten as
The non-relativistic energy E 0 and the pressure P are related to their relativistic counterparts by the formulas
where the last equality is needed to reproduce the correct non-relativistic stress tensor Π ik from Eq. (F1). Moreover, µ 0 can be presented as µ 0 = c 2 + δµ 0 , where δµ 0 is a small correction. As a result, one obtains that the formula (F3) transforms to the form
Comparing (F5) and (F7) one sees that
i.e., δµ 0 =μ Kh . In other words, the "invariant" chemical potential µ 0 is not simply given by the partial derivative ∂ε/∂ρ, where ε is the energy density measured in the frame in which v µ = (µ 0 /c 2 , 0, 0, 0). This is a strange result (in which frame is then µ 0 specified as a derivative of the energy density with respect to the mass density?) that contradicts, in particular, the non-relativistic superfluid equation (80) presented in Ref. [18] . In order to make the equation (80) of Ref. [18] compatible with the corresponding equation of nonrelativistic HVBK-hydrodynamics (written for a point in space in which V V V s = 0 at some particular moment of time; see the equation 16.40 of the monograph [3] by Khalatnikov with ρ s = ρ and β ′ = β = γ = 0), it is necessary to have ∇v 0 = ∇μ Kh , i.e., δµ 0 =μ Kh (since in the chosen reference frame v 0 = µ 0 = c 2 + δµ 0 ), in contradiction with (F8). We come to conclusion that the vortex hydrodynamics of Ref. [18] (and hence Ref. [19] ) is internally inconsistent: equation (F3) is not correct (the last term in its right-hand side is superfluous), which means that the energymomentum tensor (F1) should be modified.
